Introduction
Chapter 1
Contribution. In the present work resonance phenomena are studied, utilizing and adapting the mathematical and computational tools mentioned above [Arn82, Tak74a, BGV03] . More specifically, we present a novel algorithmic procedure to deal with the bifurcational geometry related to resonance in a given family of systems. In cases of low degeneracy, we obtain polynomial normal forms representing classes of families with diffeomorphic geometries. The main tools to determine such normal forms are Lyapunov-Schmidt reduction and singularity theory [BGV03] . These also allow us to handle the accompanying recognition problem, which is solved by explicitly characterizing the families that belong to a certain class.
Besides a geometric study, we also provide a numerical analysis and a visualization of the dynamics that is typically found in the classes of families considered. The main tools for the latter study are given by the Poincaré-Takens normal form procedure [Tak74a, BV08] and standard (numerical) methods from bifurcation theory.
Case study
Throughout this work the application of our results is illustrated in several case studies. Continuous systems that typically give rise to resonance are given by, e.g., coupled oscillators, cell-networks, high dimensional autonomous systems, and periodically forced oscillators. To fix thoughts we consider an example of the latter type: A periodically forced generalized Duffing-Van der Pol oscillator [BNR + 07, SKT04] given bÿ u + (ν 1 + ν 3 u 2 )u + ν 2 u + ν 4 u 3 + u 5 = ε(1 + u 6 ) cos(2πt), (1.1)
where u ∈ R, t ∈ R, ε is a small positive real constant and ν = (ν 1 , ν 2 , ν 3 , ν 4 ) ∈ R 4 is a multi-parameter. We note that a necessary requirement for (1.1) to exhibit resonance is that ν 1 < 0 and ν 2 > 0. Furthermore, including the terms of degree 5 and 6 in u turns out to be one of the simplest generalizations of the standard Duffing-Van der Pol oscillator ensuring that (1.1) does not exhibit too degenerate resonance phenomena. Both Duffing and Van der Pol type oscillators originate from electrical circuits [vdPvdM27, Duf18] .
Resonance. To obtain an appropriate form for investigating resonant dynamics in the Duffing-Van der Pol family, we write (1.1) as a system,   u = v, v = −(ν 1 + ν 3 u 2 )u − ν 2 u − ν 4 u 3 − u 5 + ε(1 + u 6 ) cos(2πt), t = 1, (1.2) where (u, v, t) ∈ R 2 × R/Z. For ε = 0 and without the t-component the system has an equilibrium at (u, v) = (0, 0). Since t runs over a circle, including the t-component causes this equilibrium to become a periodic evolution of (1.2) that goes through (u, v, t) = (0, 0, 0), see To study the dynamics near this periodic evolution we focus on a section of state space with a constant t-value and on the corresponding discrete dynamics induced by the period-1-map, or Poincaré map, P ν of the flow of (1.2). The periodic evolution of (1.2) leads to a fixed point of P ν , which for small positive values of ε is given by (u, v) = (0, 0) + O(ε).
Since system (1.1) consists of two oscillatory subsystems, given by the periodic forcing and the Duffing-Van der Pol oscillator, we expect that for certain ν-values resonant dynamics occurs. For P ν this phenomenon shows itself as q-periodic orbits near the fixed point, see Figure 1 .1. The evolution of (1.2) that gives rise to such periodic orbits are called subharmonics of order q. As the q-periodic orbits are typically situated on an invariant circle, the corresponding subharmonics close after going p times around in a direction transversal to the t-direction and q times around in the t-direction on an invariant torus. In this case we speak of p : q-resonance.
We are especially interested in resonance sets, i.e., regions in parameter space for which qperiodic orbits of the Poincaré map occur. On the boundary of these sets the number of these orbits typically changes through a saddle-node bifurcation. Depending on the degeneracy several geometries are possible for the resonance set.
Classical non-degenerate resonance
Our approach recovers that the simplest resonance scenario is given by the weakly resonant (q ≥ 5) non-degenerate case. In this situation the resonance set is formed by a well-known tongue shaped region, the so-called Arnol'd resonance tongue [Arn82] . Upon passage of the corresponding boundaries a pair of subharmonics appears or merges in state space, see Figure 1 .2. The tip of the tongue is called a resonant Hopf-Neȋmarck-Sacker (HNS) bifurcation point, since at this parameter value the resonance set is attached to a set of Hopf-Neȋmarck-Sacker (HNS) bifurcations. If the latter set of bifurcations is crossed transversally in parameter space, then a fixed point of the Poincaré map undergoes a change in stability causing an invariant circle to branch off or merge with the fixed point, again see Figure 1 .2.
Recognition problem. One of our main aims is to provide a 'quick' method that allows us to detect the parameter values for which a p : q-resonant HNS bifurcation occurs. A first condition such parameter values should satisfy is that the linear part of the Poincaré map at a fixed point has a pair of eigenvalues of the form e ±2πip/q with 0 < |p| < q ∈ N and gcd(p, q) = 1. Secondly, the degeneracy of the bifurcation depends on higher order derivatives at the central bifurcation point. In this work we provide an explicit set of polynomial conditions in finite order coefficients of the series expansion of a given family that determine which parameter values correspond to a non-degenerate resonant HNS bifurcation. For example, for the system given in (1.2), with (p, q) = (1, 7), we obtain that the tip of the Arnol'd tongue is located on the following 2-dimensional subset of parameter space:
The equalities ν 1 = 0 and ν 2 = 4 49 π 2 ensure that the critical eigenvalues of the Jacobian of the Poincaré map at the central fixed point are of the form e ±2πi/7 and the inequality ν 2 3 + ν 2 4 = 0 causes appropriate higher order coefficients in a series expansion of (1.2) to be non-zero. We note that all these conditions are computed up to order O(ε).
Central questions. The dynamics of the forced Duffing-Van der Pol system described above occurs in all generic 2-parameter families of smooth (Poincaré) maps undergoing a non-degenerate resonant HNS bifurcation. This is a classical result, so we are more interested in a next case corresponding to mildly degenerate weakly resonant (q ≥ 7) HNS bifurcations. This situation is encountered in generic 4-parameter families. To be more precise, the main part of the current work deals with the following central questions:
1. How to detect, or recognize, a mildly degenerate resonant HNS bifurcation in a given family of smooth (Poincaré) maps?
2. What is the generic local geometry of the resonance set attached to a mildly degenerate resonant HNS bifurcation?
3. What is the generic local bifurcation diagram near a mildly degenerate resonant HNS bifurcation?
We note that the resonance set only gives information on bifurcations of q-periodic orbits of maps, while the bifurcation set also incorporates other types of bifurcations involving, e.g., invariant circles and stable and unstable manifolds.
To solve the first two central questions we apply Lyapunov-Schmidt reduction, which maps a family of maps near p : q-resonance to a family of Z q -equivariant maps, such that the zeros of the latter family correspond to periodic orbits of the former family. Then Z qequivariant contact-equivalence singularity theory is utilized to obtain recognition conditions and the geometry of the resonance set for the mildly degenerate case. To answer the third central question we apply the Poincaré-Takens normal form procedure, which provides an approximating family of vector fields for the family of (Poincaré) maps. The dynamics of the latter family is investigated by studying the vector field family using (numerical) methods from bifurcation theory.
Mildly degenerate resonance
We continue discussing mildly degenerate resonant HNS bifurcations in the Duffing-Van der Pol family given in (1.2). In particular, we focus on a 1 : 7-resonance, since this is the strongest mildly degenerate weak resonance. We note that the geometry and dynamics described here is generic and, therefore, occurs in all families of smooth (Poincaré) maps undergoing a mildly degenerate HNS bifurcation.
Recognition problem. We start with the solution of the recognition problem. By applying the tools developed in this work, which consist of checking a set of polynomial conditions in finite order coefficients of a series expansion of (1.2), we arrive at the following result. System (1.1) undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the following 0-dimensional subset of parameter space:
This set is computed up to order O(ε). The difference with the recognition conditions for the non-degenerate case given in (1.3) is that here ν 3 and ν 4 are both equal to 0.
The boundary of the resonance set attached to the parameter value given in (1.4) is diffeomorphic to the discriminant set of a 4-parameter normal form family, see the next section.
To display the geometry of this set we take 2-dimensional cross-sections of parameter space, see Figure 1 .3, which indicates the presence of cusps and a swallowtail. The normal form family also provides a skeleton for the local dynamics. To understand this we first explain the Poincaré-Takens normal form procedure.
Poincaré-Takens normal form. The Duffing-Van der Pol system given in (1.2) is of the appropriate form to apply Poincaré-Takens reduction. In fact, every periodically forced oscillator of the form
fits the framework explained in the current work. We note that h µ and H µ depend smoothly on both the multi-parameter µ = (µ 1 , . . . , µ n ) ∈ R n and the coordinates y ∈ C or (y, t) ∈ C × R/Z, respectively (for convenience we identify R 2 with C). Moreover, we assume that ε is a small positive real constant, h 0 (0) = 0, D y h 0 (0) = 2πip/q, and that several other non-degeneracy conditions hold (see Chapter 4). Under these assumptions system (1.5) exhibits a p : q-resonant HNS bifurcation near µ = 0. By applying appropriate nearidentity transformations and a Van der Pol transformation, the Poincaré-Takens normal form procedure yields a system with a Z q -symmetric and t-independent (q − 1)-jet [BGV07] . If the vector field corresponding to the (q −1)-jet of the planar first component of this normal form is denoted with N µ , then a Poincaré map of (1.2) is given by
Here Ω p/q is the rotation over 2πp/q around the origin and N 1 µ is the time-1-map of N µ . The dependence of N µ on ε is not explicitly indicated, since ε is a constant. An important feature of the Poincaré-Takens The generic geometry of the boundary of the resonance set in the mildly degenerate case for q = 7 is depicted in several 2-dimensional cross-sections of 4-dimensional parameter space. To be precise, the displayed boundary is obtained as the discriminant set of the 4-parameter normal form G σ,τ , with (σ, τ ) = (σ 1 + iσ 2 , τ 1 + iτ 2 ), given later on in (1.8). Because of a symmetry of G σ,τ , only cross-sections for positive τ 2 -values are given. Moreover, only one positive τ 1 -value is considered, since for all small positive τ 1 -values the boundary of the resonance set is cusp-shaped. The top left panel indicates the presence of a swallowtail-geometry. Concerning the number of periodic orbits, we have that for parameter values inside the displayed triangular regions four local 7-periodic orbits exist of which two merge on the corresponding boundary. If next also the outer boundary is crossed in parameter space, then the remaining pair of local 7-periodic orbits merges.
normal form system is that it still exhibits dynamical properties of the original system. Moreover, by (1.6) the local q-periodic orbits of P µ are approximately given by the local equilibria of N µ .
We focus on the (q − 1)-jet of the Poincaré-Takens normal form, since only this jet appears in (1.6). In the non-degenerate case the polynomial vector field N µ can be simplified to the systemż = F σ (z) with
where σ = σ 1 + iσ 2 ∈ C, by a locally diffeomorphic transformation of state space and a submersive reparametrization of the multi-parameter. In the mildly degenerate case N µ can be simplified to the systemż = G σ,τ (z) with
where (σ, τ ) = (σ 1 + iσ 2 , τ 1 + iτ 2 ) ∈ C 2 . For details see the next section. We note that the systemsż = F σ (z) andż = G σ,τ (z) may not be structurally stable.
Local dynamical features of a Poincaré map only depend on a finite order jet, so all such features of (1.5), see Table 1 .1, are determined by F σ , if the system is non-degenerate, and by G σ,τ , if the system is mildly degenerate. On the other hand, more global phenomena, like heteroclinic connections, do not translate one-to-one between maps and approximating vector fields, since such dynamics also depends on higher order terms. Nevertheless, parameter values for which homoclinic or heteroclinic connections occur generically do turn into open regions corresponding to homoclinic or heteroclinic tangles, see [Arn82, GH83, Kuz95] .
Remarks 1.2.1.
1. By computing a Poincaré map for (1.5), utilizing the Poincaré-Takens normal form procedure, we encounter a 'simple' approximating planar Z q -symmetric vector field N µ of which the bifurcation diagram provides topological information on the dynamics of the original system.
2. We can also consider the procedure the other way around: For a given family of planar diffeomorphisms undergoing a resonant bifurcation, the normal form N µ provides a vector field approximation. The latter point of view is useful for studying the dynamics in families of diffeomorphisms near resonance.
3. The form (1.5) also appears when periodic evolutions of autonomous systems are studied using center manifold reduction [Kuz95] .
is already given in Figure 1 .2. So we proceed with briefly demonstrating the complexity of the bifurcation diagram in the mildly degenerate case by considering an interesting 2-dimensional cross-section of the bifurcation set corresponding toż = G σ,τ (z) for q = 7. More specifically, Figure 1 .4 displays such a section for (τ 1 , τ 2 ) = (−0.1, 0). The following codimension 1 bifurcation curves occur:
1. The curve Ho of Hopf bifurcations. Crossing this curve transversally from σ 1 < 0 to σ 1 > 0 causes the central equilibrium to loose stability.
2. The curves (A 2 ) k , with k = 1, . . . , 5, of saddle-node bifurcations of equilibria.
3. The curves L ± of saddle-node bifurcations of limit cycles. Moreover, the following codimension 2 bifurcation points occur:
Approximating vector field
1. The points A ± 3 of cusp bifurcations of equilibria.
The points DH
± of degenerate heteroclinic bifurcations of equilibria, where the curves L ± are attached to the curves H 
Main tools
Here we explain the main tools, i.e., Lyapunov-Schmidt reduction and singularity theory, for showing what types of geometry of the resonance set occur in the non-degenerate and a mildly degenerate case. Moreover, we provide the solution of the accompanying recognition problem. To this end we focus on the general setting of resonant families of diffeomorphisms. 
Lyapunov-Schmidt reduction
Our method to determine resonance sets for discrete systems proceeds as follows. Obtain parameter values for which a family of smooth diffeomorphisms P µ : R m → R m , with 2 ≤ m ∈ N and µ near 0 ∈ R n , has q-periodic orbits, i.e., solve the equation P µ (x) = x. Utilizing a method due to Vanderbauwhede [Van92] , we can solve for such orbits by Lyapunov-Schmidt reduction. More precisely, a q-periodic orbit consists of q points x 1 , . . . , x q , where These orbits are the zeros of the family
This map is Z q -equivariant. More specifically, if we define ξ : (R m ) q → (R m ) q , which generates a Z q -action on (R m ) q , as follows,
Notice that by considering P µ the Z q -symmetry of q-periodic points of P µ has become a full symmetry. Assuming that P µ (0) = 0 and that the map D x P 0 (0) has only two critical eigenvalues of the form e ±2πip/q implies that the kernel of D y P 0 (0), with y = (x 1 , . . . , x q ), is 2-dimensional. Hence, the implicit function theorem cannot be used to solve P µ (y) = 0 near µ = 0. However, Lyapunov-Schmidt reduction allows us to reduce the latter equation to finding zeros of a reduced map from R 2 to R 2 . Identifying R 2 with C, we need to obtain the zeros of a reduced family G µ : C → C with G µ (0) = 0 and D z G 0 (0) = 0. This family also inherits the symmetry of P µ , i.e., let ω be a critical eigenvalue of D x P 0 (0), then
As ω generates an action of the group Z q on C, we have that G µ is Z q -equivariant. Due to this symmetry and the property that G 0 has a singular zero at z = 0, Z q -equivariant contact-equivalence singularity theory provides a natural setting for the study of G µ .
Z q -equivariant contact-equivalence singularity theory
In this subsection we derive normal forms for the families G µ by applying singularity theory. To begin with, we present a standard form for a family of planar Z q -equivariant smooth (non-analytic) germs, which is given by
where u = |z| 2 , v = z q +z q and K µ , L µ are uniquely defined complex-valued Z q -invariant map germs [BGV03] .
Contact-equivalence Contact-equivalence singularity theory approaches the study of zeros of a family by implementing coordinate changes that transform the family to a 'simple' normal form and then solve the normal form equation. To make this precise we introduce n-parameter Z q -contact-equivalence transformations, which are given by a pair of the form (S µ , Z µ ), where S µ : C → C\{0} is a smooth map germ satisfying S 0 (z) = 1 and S µ (ωz)ω = ωS(z), with ω = e 2πip/q , and Z µ : C → C is a Z q -equivariant diffeomorphism germ, with Z 0 (z) = z. We call the two planar Z q -equivariant families H µ and G µ Z q -contactequivalent if there is a Z q -contact-equivalence transformation (S µ , Z µ ), such that
It follows that contact-equivalences preserve the zeros of a map up to a diffeomorphism.
Recognition conditions. Now we are in the position to characterize two classes of Z qequivariant families. The non-degenerate case corresponds to families of which only the linear part becomes zero for µ = 0, while in the mildly degenerate case all coefficients of terms up to third order become zero for µ = 0. More specifically, consider (1.10), with K 0 (0, 0) = 0, since D z G 0 (0) = 0 for the Lyapunov-Schmidt reduced function, and L 0 (0, 0) = 0, which we impose to avoid high degeneracies, then the following results hold.
is a submersion at µ = 0, then G µ is Z q -contact-equivalent to the normal form for the non-degenerate case given by F σ(µ) in (1.7). Here the notation σ(µ) indicates that besides a contact-equivalence transformation also a smooth submersive reparametrization of parameter space is needed to obtain the normal form.
is a submersion at µ = 0, then G µ is Z q -contact-equivalent to the normal form for the mildly degenerate case given by G σ(µ),τ (µ) in (1.8). Here the notation σ(µ) and τ (µ) indicates that again a smooth submersive reparametrization of parameter space is needed to obtain the normal form.
Remarks 1.3.1.
1. The latter recognition conditions on K µ and L µ distinguishing between the nondegenerate and mildly degenerate case can also be applied to the Z q -equivariant (q−1)-jet of the Poincaré-Takens normal form vector field of the previous section.
2. The normal forms F σ and G σ,τ are universal unfoldings of the degenerate germs F 0 and G 0,0 respectively. This means that every Z q -equivariant parameter dependent deformation of F 0 is Z q -contact-equivalent to F σ up to a reparametrization of parameter space and, additionally, the number of parameters is minimal for this property to be satisfied. This minimal number of parameters is the codimension of F 0 . The same relations hold between G 0,0 and G σ,τ .
3. Gradual violation of degeneracy conditions, like L 0 (0, 0) = 0, gives rise to a familiar endless sequence of cases with ever higher codimension.
Resonance sets. Finally, we are in the position to determine the geometry of generic resonance sets. To this end we consider the corresponding boundaries, which are given by parameter values for which the number of q-periodic orbits of P µ , or zeros of G µ , changes. These changes occur when G µ has a singular zero, i.e., for parameter values on the discriminant set of G µ given by
We observe that discriminant sets are preserved by contact-equivalences. Hence, in the nondegenerate case the boundary of the resonance set is diffeomorphic to the Cartesian product of R n−2 and the discriminant set of F σ . In the mildly degenerate case the boundary is diffeomorphic to the Cartesian product of R n−4 and the discriminant set of G σ,τ .
Concluding remarks
Resonant families of vector fields. The family given in (1.5) appears in more general systems than periodically forced oscillators. To explain this we consider a family of vector fields with a periodic orbit. To obtain a map that incorporates all dynamical features near this orbit, we define a Poincaré map on a corresponding transversal section. If we next assume that at a resonant HNS bifurcation the Poincaré map has only one pair of critical eigenvalues, then we may restrict ourselves to a 3-dimensional center-manifold, given by a reduced tubular neighborhood of the periodic orbit, cf. Figure 1. 1. On the center manifold the family takes the form given in (1.5), see [Hal80, Kuz95] .
Number of parameters. In this work families of (Poincaré) maps undergoing a nondegenerate or mildly degenerate resonant HNS bifurcation are distinguished by utilizing singularity theory. In the non-degenerate case the linear part of the Lyapunov-Schmidt or Poincaré-Takens reduced families is zero at the origin for the critical parameter value, while the third order coefficient in a corresponding series expansion is non-zero. It turns out that two parameters are required to unfold the linear part. For the original family one of these parameters controls the stability of the central fixed point and the other is a detuning parameter.
In the next case, given by a mildly degenerate resonant HNS bifurcation, besides the linear part of the reduced family also the third order coefficient becomes zero, while the fifth order coefficient remains non-zero for the critical parameter value. By singularity theory four parameters are required to unfold this case, two for the linear part and another two for the third order part.
The question arises why the codimension 3 case does not appear in a classification of planar Z q -equivariant germs at 0 ∈ C of the form
To elaborate on this we observe that if such a codimension 3 germ would exist, it would be equivalent to G σ,τ given in (1.8) for a certain non-zero value of (σ, τ ) ∈ C 2 . More precisely, the possible (σ, τ )-values are given by points on codimension 3 strata of the discriminant set of G σ,τ . For those parameter values, zeros of multiplicity greater than 3 only occur at a distance O(τ 1 , τ 2/(q−2) 2 ) from z = 0 (see Appendix A.1.4). Hence, any generic 3-parameter Z q -equivariant deformation of (1.13) only exhibits codimension 3 phenomena at a non-zero distance from z = 0 and, therefore, codimension 3 germs of the form (1.13) do not exist. We note that if a germ is considered at a point where a codimension 3 phenomenon of a generic 3-parameter deformation of (1.13) occurs, it would not be Z q -equivariant.
Computer algebra. As both Poincaré-Takens reduction and Lyapunov-Schmidt reduction are algorithmic procedures, the recognition conditions in Section 1.3 can be pulled back to the original families. We implemented these algorithms using Mathematica [Wol08] and C++ to actually perform this computation.
Overview
We start with the investigation of the general setting of Hopf-Neȋmarck-Sacker families of diffeomorphisms in Chapters 2 and 3, which is followed by a study of HNS families of periodically forced oscillators in Chapter 4. Throughout we return to the investigation of families of Z q -equivariant maps.
Chapter 2, based on [BHV08] , is concerned with resonance in HNS families of diffeomorphisms. The main contribution is providing a method to detect, or recognize, non-degenerate and a mildly degenerate resonance in HNS families of diffeomorphisms. The procedure for detecting resonances boils down to checking polynomial equalities and inequalities in derivatives of the considered family at the central bifurcation point. As an illustration the results are applied in several case studies. For example, we study resonance in a family with a central Hopf-saddle-node bifurcation, cf. [BSV08] .
Chapter 3, based on [BHVV09] , supplements Chapter 2 with a detailed investigation of the geometry of the resonance set and the dynamics near mildly degenerate resonant HNS bifurcations in families of diffeomorphisms. We use catastrophe theory [Arn82, Brö75, PS96] and 2-and 3-dimensional cross-sections of parameter space to explain the geometry. In order to obtain a good description of the dynamics, a Poincaré-Takens vector field approximation for the mildly degenerate case is considered. The latter family is investigated by applying standard (numerical) methods from bifurcation theory [Arn82, Dev89, GH83, Kuz95, Tho75].
Chapter 4, based on [BHV09] , deals with HNS families of periodically forced oscillators. The main aim here is to explicitly derive corresponding families of Poincaré maps by utilizing the Poincaré-Takens normal form procedure. As a consequence, all results for discrete systems given in Chapters 2 and 3 can be applied to periodically forced oscillators. It is expected that these applications can be extended to the general case of a Poincaré map near a periodic solution of an autonomous system. Contact-equivalence [GSS85, GS88] . Let f, g : R k → R k be germs with the origin as base point, then f and g are contact-equivalent if there exist a diffeomorphism germ Z : R k → R k with Z(0) = 0 and a smooth map S :
for all x near the origin.
Cusp [PS96, BGV03] . The k/2-cusp is any set, which is locally diffeomorphic to the set given by x k = y 2 , with (x, y) ∈ R 2 near (x, y) = 0.
Discriminant set [Arn82] . The set of parameter values for which a family of maps has a singular point, i.e., given the family F µ : R k → R k with µ ∈ R n a multi-parameter, then the corresponding discriminant set is given by
Equivariance [GSS85, GS88] . Given the group G, which acts on R k , then f :
Germ [Brö75, Gib79] . Two maps f, g : R k → R ℓ are germ equivalent at 0 ∈ R k if there exists a neighborhood U of 0 ∈ R k , such that f | U = g| U . The corresponding equivalence classes are called germs.
Jet [Brö75, Gib79] . Two smooth maps f, g :
The corresponding equivalence classes are called m-jets. A canonical representative of the m-jet of the smooth map f : R k → R ℓ is given by the Taylor-series expansion of f at 0 modulo terms of order O(|x| m+1 ).
Lyapunov-Schmidt reduction [Van00, GSS85, BGV07]. Given F : R k → R k with F (0) = 0, D x F (0) semi-simple and dim(ker(D x F (0))) = ℓ = 0, then LyapunovSchmidt reduction reduces the study of the zeros of F to that of the zeros of a map from R ℓ to R ℓ . For details see Sections 1.3 and 2.3.
Normal form [Arn82] . A 'simple' mathematical object, e.g., a dynamical system, representing a class of equivalent mathematical objects. where y ∈ C, t ∈ R/Z, ω = 2πp/q, h 10 (0) = 0, µ ∈ R n is a multi-parameter and ε is a small positive real constant. Here the order O(|z| q ) terms may depend on t as well. Then a corresponding Poincaré-Takens normal form is given bẏ
where O(|z| q ) may depend on t. The dependence of the coefficients in this normal form on ε is not explicitly indicated, since ε is a constant. For details see Sections 1.2.2 and 4.4.
Recognition problem [GSS85] . Given a class C of equivalent mathematical objects, then the corresponding recognition problem is to obtain necessary and sufficient conditions for any object to belong to C.
Resonance set [BGV03, Kuz95] . Region in parameter space for which q-periodic orbits occur near a resonant Hopf-Neȋmarck-Sacker bifurcation of a (Poincaré) map.
Resonant Hopf-Neȋmarck-Sacker (HNS) bifurcation [Kuz95, Arn82] . A fixed point of a family of diffeomorphisms undergoes a resonant HNS bifurcation if corresponding critical resonant eigenvalues are of the form e ±2πip/q with 0 < |p| < q ∈ N and gcd(p, q) = 1. At such a bifurcation typically q-periodic orbits bifurcate from the fixed point.
Swallowtail [PS96, Brö75] . Any set locally diffeomorphic to the discriminant set of the 3-parameter family of real polynomials given by x 4 + ax 2 + bx + c, where a, b and c are small real parameters and x is a small real variable. This set is displayed in Figure 3 .11 (Section 3.2.2).
Unfolding [Brö75, GSS85] . The n-parameter family of germs G µ : R k → R ℓ is an unfolding of the germ g : R k → R ℓ at 0 ∈ R k if G 0 is germ equivalent to g.
• Contact-equivalence of unfoldings is defined similar to that of individual germs.
• An unfolding G µ of a given germ g is versal under contact-equivalence if G µ is contact-equivalent (up to a smooth reparametrization of parameter space) to an arbitrary unfolding of g.
• An unfolding is universal if it is versal with a minimum number of parameters. This minimum number is called the codimension of the unfolded germ g.
Z q -equivariant contact-equivalence normal form families [BGV03] . These normal forms are given by universal unfoldings under Z q -equivariant contact-equivalence of planar Z q -equivariant map germs. In the non-degenerate case the normal form is given by
where z ∈ C and σ ∈ C. In the mildly degenerate case the normal form is given by
where z ∈ C and (σ, τ ) ∈ C 2 . For details see Sections 1.3 and 2.2.2.
